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Minimum-Time Reorientation of a Rigid Body
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Recent advances in optimal control theory and computation are used to develop minimum-time solutions for the
rest-to-rest reorientation of a generic rigid body. It is shown that the differences in the geometry of the inertia ellipsoid
and the control space lead to counterintuitive noneigenaxis maneuvers. The optimality of the open-loop solutions are
verified by an application of Pontryagin’s principle as a necessary condition and not as a problem-solving tool. It is
shown that the nonsmoothness of the lower Hamiltonian compounds the curse of dimensionality associated in solving
the Hamilton-Jacobi-Bellman equations for feedback solutions. These difficulties are circumvented by generating
Carathéodory-r trajectories, which are based on the fundamental notion that a closed loop does not necessarily imply
closed-form solutions. While demonstrating the successful implementation of the proposed method for practical
applications, these closed-loop results reveal yet another counterintuitive phenomenon: a suggestion that parameter
uncertainties may aid the optimality of the maneuver rather than hinder it.

1. Introduction

N THEIR pioneering work [1] of 1993, Bilimoria and Wie closed

the door on the eigenaxis maneuver as the minimum-time solution
to the reorientation of a rigid body. By considering the minimum-
time problem for the simple triaxisymmetric (cubical or spherical)
rigid body, they reduced the issues to the core principles of why
eigenaxis maneuvering was not optimal. Despite their convincing
results and obvious applications to spacecraft and robotic systems,
generating time-optimal solutions to generic (i.e., asymmetric) rigid
bodies remained an open problem for a long time.

In 1999, Shen and Tsiotras [2] addressed the problem of
reorientating the symmetry axis of an axisymmetric rigid body. Shen
and Tsiotras were able to advance the work of Bilimoria and Wie [1]
from a triaxisymmetric body to an axisymmetric body by using a
unique kinematic parameterization [3] and assuming an under-
actuated spacecraft (i.e., a body with only two control torques). They
noted a major difficulty with their methodology was developing
initial guesses for the costates that do not, in general, have intuitive
physical interpretation. Despite these difficulties and limitations, the
results of Shen and Tsiotras have practical applications, as many more
spacecraft can be approximated as axisymmetric than triaxisym-
metric. Because asymmetric rigid bodies are more commonplace,
Proulx and Ross [4] addressed this generic problem in 2001. They
used the then-new Legendre pseudospectral (PS) method [5,6] to
solve the problem and overcame some of the previous numerical
difficulties. Because of the limitations of the early PS methods, they
developed an algorithm that combined genetic search methods with
PS methods. Optimality was once again verified through compliance
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with Pontryagin’s principle; however, this time, Pontryagin’s
principle was not directly used as a computational technique, rather,
the covector mapping theorem of Ross and Fahroo [7,8] was
employed to use Pontryagin’s principle as a necessary condition.
Advances in PS methods allowed Fleming et al. [9,10] to overcome
much of the prior numerical difficulties to present results for the
general case of an asymmetric rigid body, including the case for a
fully actuated axisymmetric spacecraft [9,11].

The unifying theme of all these works is that the minimum-time
reorientation problem presents unique challenges that have held the
interest of engineers for over 15 years. Recent results in optimal
control theory [12,13] indicate that solving the open-loop problem
within the generalized time constant of the system (roughly the
inverse of the Lipschitz constant of the dynamics) is the key to
optimal feedback control in the sense of generating Carathéodory-m
trajectories [12-15] (please see Appendix A for an introduction to
this concept). This implies that a central problem in slew
maneuvering is the reliable generation of time-optimal open-loop
solutions. Consequently, we begin by examining the time-optimal
reorientation of a rigid asymmetric body under the influence of
three independent torques. This problem is important in its own right,
as it benchmarks other slew maneuvers while holding the potential as
apossible feedforward controller in a two-degree-of-freedom control
system architecture. In any event, we verify the optimality of the
open-loop solutions by an application of Pontryagin’s principle. A
direct application of Bellman’s principle is used as a companion
verification principle in the sense of a necessary condition for
optimality. Having verified optimality principles, we address the
problem of generating closed-loop optimal controls. Carathéodory-m
trajectories are generated using established, flight-proven PS
techniques [12,16-18] that are also widely available through well-
known software packages [19,20]. While demonstrating the
successful implementation of the proposed method for practical
applications, a careful selection of parameter uncertainties are
introduced to reveal an apparently counterintuitive phenomenon: a
suggestion that parameter uncertainties may aid the optimality of the
maneuver rather than hinder it.

II. Problem Formulation
Let the state of the rigid body be represented by

x=[q]eR7
®

ey
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where q and  are the familiar quaternions and body rates. Then, the
state dynamics in assumed inertial space are given by the well-known
dynamics [21]:

G =Yw19s —02q5 + 03q2]; Gy =Hw1q5 + w294 — w3q4]

gz = %[—a)|q2 + wrq, + w3q4]; Gs = %[—0)1611 — W2G) — W3q3]

. Uy (13—12) . U (11—13)
W) =—— W3] Wy = —— W W3

I I A I
w3 = I;—j - (11 1_3 12)0’10)2 @)
The state and control spaces for the problem are given by
Xi={xeR"|ql,=1} ©)
U ={ueR [ullq <t} )

The optimal control problem is to find the state-control function pair,
t — (x, u) € X x U, which will drive the spacecraft from its initial
position X(fy) = X, to its final position, given by x(;) = X, while
minimizing the cost function:

JIx(), u), 1] =1t~ 1 (5)

For the purposes of representative analysis, we use the parameters
provided in Table 1. In the same spirit, we consider the representative
boundary conditions given by

xo=1[0., 0,0, 1, 0,0, 0]
_ [sm(@’ 0.0, 5@

T
Xp=|— 5 ,0,0,0] (6)

where ¢ is the eigenaxis rotation angle.

III. Optimality Conditions

The control Hamiltonian [15,22] for the generic spacecraft is given
by

A A
H(Q, x, u) = %(wl% — Wyq3 + 3q5) + %(0)1‘]3 + wrq4

A A
— ws3qy) +%(—wlqz + w2q, + w3q4) +%(—w1q1

u I;—1 u
— gy — W3q3) + Ay, |:T'_ ( 3 - 2)w2w3:| + Ao, |:I—22
1 1

IL—1 uy (I, —1
2L S Y A el Gy R

where A, with the appropriate subscripts, denotes some generalized
gradient of a verification function ¢(x, t) in the case of sufficiency
conditions [15]. Deferring, for the moment, the case of necessary
conditions, the lower Hamiltonian [15,22] is given by

HA, x) = miurle()., X, U) (8)

To solve the nonlinear programming problem given by the right-hand
side of Eq. (8), we apply the standard Karush—Kuhn-Tucker (KKT)
theorems [23]. Thus, from the gradient normality condition of the
KKT theorem, we have

A‘w. w
Lo =0: 2
7, + A

A,
+ 1, =0; I—3+,u3=0 )
3

where ;i = 1,2, 3 are the KKT multipliers [23] associated with the
Hamiltonian minimization condition. These KKT multipliers satisty
the complementary conditions:

<0 if u; = —tpyy
i z 0 if Ui = Umax (10)

=0 if — Umax = Ui = Upag

We now use some of the modern connections between the KKT
conditions and nonsmooth calculus [15,22]. In nonsmooth calculus,
a multifunction is a set-valued map; that is, whereas a function is a
point-to-point map, a multifunction is a point-to-set map. A sgn
multifunction (see Fig. 1) is a generalization of a sgn function
defined as

—1 <0
sgn(r)=4 [-1,1] 7=0 (11)
1 >0

Thus, in nonsmooth analysis, sgn(7) is the set [—1, 1]at T = 0. This
concept conforms to the engineering notion of how a sgn function is
visualized as illustrated in Fig. 1. Thus, the difficulties of how to
define a sgn function at r =0 are eliminated in a single stroke;
however, the price we pay for this nicety is the modern concept of
nonsmooth calculus [15].

The sgn multifunction allows us to write the KKT comple-
mentarity condition, Eq. (10), in closed form:

u; = umaxsgn(ui) (12)

Thus, the control is set-valued and a nonsmooth function of ;. This
point illustrates a well-known fact in nonsmooth analysis [15,22]
that, even though the problem data in an optimal control problem
may be smooth, many of the functions required for analysis
(including the optimal control itself) may be nonsmooth. Thus,
nonsmooth analysis is not limited to problems with nonsmooth data;
rather, it is quite essential, even for the analysis of smooth problems.
In any event, using the gradient normality condition [Eq. (9)], we can
eliminate the KKT multiplier from Eq. (12) to yield

up = umaxsgn(_)"wi/li) (13)

Substituting Eq. (13) into Eq. (7) provides an expression for the lower
Hamiltonian:

A A
HQA, x) = %(0}1614 —wyq3 + w3q,) + %(0}16]3 + wyq,

A A
—w3q,) +%(—a)lq2 + g1 + w3q4) +%(—w1¢h — 4>
Upnax SEN(—A,, /1 I—1
—w3q3) +)‘w||: an( / 1)_ ( 3 2)w2w3:|

+ lw umaxsgn(_)"wz/IZ) _ ]1 - ]3 0,05
? I I ‘
. A /1 —
+ A'w umdxsgn( m;/ 3) _ Il 12 w0y (14)
’ I I

Note that the lower Hamiltonian is nonsmooth in A ; hence, H(A, X)
cannot be differentiated using ordinary calculus concepts. In sharp
contrast, the control Hamiltonian is smooth [see Eq. (7)]. Because the
lower Hamiltonian is nonsmooth, the Hamilton—-Jacobi—Bellman
(HJB) equation

H[0gp(x, 1), x] + d,0(x, 1) =0 (15)

cannot even be written within the realm of ordinary smooth calculus.
This is one of the primary reasons why finding optimal feedback
solutions to the time-optimal rigid body problem have long been
considered difficult, if not impossible. Advances in optimal control
theory over the last two decades have shown that if we replace the
notion of dy¢(x, ) and 9d,¢(x, t) with the concept of the proximal
subdifferential [15,22] denoted by dfp(x, 1) and d7¢(x, 1),
respectively, then the HIB equation can be written as a proximal
HJB equation:
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a7 o(x, 1) or o(x, 1)
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oF o(x, 1)
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This equation does have a solution; however, ¢(x, f) is merely
continuous. Despite recent advances [24,25] in max-plus algebra that
eliminate the curse of dimensionality associated with the HJB
equation, it is clear that finding a solution to Eq. (16) remains a
formidable task. If one can find ¢(x, 7), then the optimal feedback
controller is a consequence of Eq. (13) and given by

U = ui(x7 [) = umaxsgn[az,»(p(xv t)/Iz] (17)

It is possible to obtain an optimal feedback controller via a
different route [12]. In this approach, we regard A as an adjoint
covector; then, the necessary conditions for optimality follow from
Pontryagin’s principle. In this situation, the optimal control is still a
consequence of Eq. (13), however it is initially given in an open-loop
construct by

up = M,-(l‘) = umaxsgn[)"w, (t)/lz] (18)

where A is given by the adjoint equations:
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Now, suppose a general solution to Eq. (19) can be obtained; that is,
suppose we can find a function g(#; X, X;), such that

X =0,g(1: x. Xr)

holds for any feasible set of boundary conditions. Then, the open-
loop solution given by Eq. (18) can be transformed to a closed-loop
solution by replacing x, with x to yield

u; = umaxsgn[gw; (, x, Xf)/li] (20)

where g, is the w; component of g. This concept has been used by
Pontryagin et al. [26] and Bryson and Ho [27] to generate closed-

sgn(7) 4

Fig. 1 Graph of the sgn multifunction illustrating its multivalued
nature at T = 0.

form solutions to a few simple problems. It is clear that the difficulty
in obtaining feedback solutions by this approach is the fundamental
bottleneck in mathematics in solving nonlinear ordinary differential
equations in closed form.

Note that the definition of the sgn multifunction (cf. Figure 1)
and the ensuing discussions automatically incorporate the special
conditions, #i—pu; = 0, over a nonzero time interval. A complete
discussion of these singular conditions are beyond the scope of this
paper, due to the remarks noted in Appendix B.

IV. Solution Concepts and Methods

Strictly speaking, neither the necessary conditions of Pontryagin
nor the sufficiency conditions of Bellman are problem-solving
techniques [28]. Using either of the conditions to solve the optimal
control problem generates theoretical and computational problems.
To appreciate this point, suppose we have found the optimal feedback
law as given by Eq. (17). Now, consider the dynamics:

. u I -1
w1=1—1'—(311 2)0)20)3 @1

Then, the closed-loop response is given by the differential inclusion:

c ”mangn[ailfp(Xv t)/ll] 13 — 12
I I

Because the right-hand side of this differential inclusion is not
Lipschitz continuous, the very definition and notion of a solution is
called into question. This point is not merely academic, as one needs
to ultimately develop numerical methods to solve such equations and
hence a clear concept of what a solution is needs to be developed. As
noted in [12], this is still an open problem in mathematics, because
standard solution concepts like the Filippov or Carathéodory
solutions are not quite satisfactory. In sharp contrast, a Carathéodory
solution is entirely satisfactory for the open-loop response, because
the discontinuity in the vector field is only with respect to the
independent variable; for instance, the open-loop response to
Eq. (21) is given by

UnmaxSEN[A,, (1) /1] IL—1,
- Wy W3
I I

(23)

W, =

A closed-loop solution can then be obtained, in principle, by way of
Eq. (20). This approach does not require one to solve a nonsmooth
partial differential equation; however, it requires the computation of
an optimal solution for generic initial conditions. We accomplish this
task by way of PS methods. As noted earlier, because the Pontryagin
and Bellman conditions are not problem-solving techniques, we
use their conditions as verification tools within the context of PS
methods. In other words, we take a putative PS solution to the optimal
control problem and verify that the solution meets the basic
principles of Pontryagin and Bellman. This is how PS methods are
currently being used in industrial and military systems [16—-18,29], of
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which the most famous of these applications is the flight imple-
mentation of the zero-propellant maneuver on the international space
station [16,17].

In applying these ideas to the problem at hand, consider a 150 deg
roll maneuver (i.e., we set ¢ = 150 deg). A candidate PS control
solution is shown in Fig. 2. Before evaluating the optimality of the
candidate solution, its feasibility is independently verified along
industry standard principles. That is, a proposed control solution
must drive the spacecraft from its known initial state to the desired
end state by way of some standard Runge—Kutta (RK) solver. We
demonstrate this principle by using the MATLAB® ODE45 routine,
which uses an explicit one-step RK medium-order (fourth to fifth
order) solver [30]. Propagation results are shown in Figs. 3 and 4. The
PS solution is shown in solid lines overlaid with the RK-propagated
states shown as + marks. The PS solution was obtained by using the
MATLAB software package, DIDO [20].

Having determined that the candidate solution presented in Fig. 2
is feasible, we next examine the necessary conditions for optimality.
If the control solutions shown in Fig. 2 are optimal, then, according to
Eq. (18), the functions i—A,, (¢)/I; behave as switching functions. A
plot of these functions for each axis are shown in Figs. 5-7. Itis clear
from these figures that the control solutions satisfy the switching
conditions, thereby simultaneously validating the satisfaction of
the Hamiltonian minimization condition. It is also apparent from
these figures that there are no singular arcs. This does not imply
that singular arcs do not exist for all such problems. A complete
discussion of singular arcs is beyond the scope of this paper, however
we refer to Appendix B of this paper for some preliminary
discussions on the optimality conditions for a singular arc. We note
that our development automatically incorporates singular arcs by
way of the definition of the sgn multifunction. When 1, (t) = 0, the
sgn multifunction takes all values from [—1, 1] (see Fig. 1). Thus,

50 I :
1 N ' i
1 i -
i i
i i
i i
i i
i i
i f
i i
1S i i
. 1 _—
z i i Y
y 1 LA [ — -
R T u;
o 1 s
= i i —-————- u3
s i i :
1 H :
1 1
1 )
1 1
i i
i i
i i
i !
-50 - : :
0 5 10 15 20 25

Time, sec
Fig. 2 Candidate solution for the time-optimal problem.
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Fig. 3 Quaternion PS solution and its validation by propagation.

— PS
0.1 T j v + Propagated

04 B

1
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Time, sec

Fig. 4 Angular rate PS solution and its validation by propagation.

from Eq. (18), u;(r) takes all values from [—uy,,, Un.] (.., a
singular arc). This point once again illustrates how modern
nonsmooth analysis completes and unifies classical optimal control
theory.

Another verification that is easy to perform is the connection
between the lower Hamiltonian and the control Hamiltonian via the
Hamiltonian evolution equation:

dH _0H

dr ot @9
where the derivative on the left-hand side of Eq. (24) must be
interpreted in the nonsmooth sense. It is clear from Eq. (7) that
dH/dt = 0; hence, we have the condition

3 T T T T ! 60
c
9o
2 =
o (0]
£ &
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=
@
3 1 1 1 l | -60
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Time, sec
Fig. 5 X-axis switching function and control solution.
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Fig. 6 Y-axis switching function and control solution.
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Fig. 7 Z-axis switching function and control solution.

H [A (1), x(1)] = constant
Furthermore, the Hamiltonian value condition requires that
HIA (). x(1)] = —1

for a time-optimal maneuver. Hence, a necessary condition for time
optimality is that the lower Hamiltonian must be a constant and
numerically equal to —1 over the period of interest. This necessary
condition is indeed met with small numeric variations, as illustrated
in Fig. 8.

-0.5 -
-1 2 — N\ -
-15 L 1 L I 1
0 5 10 15 20 25 30
Time, sec

Fig. 8 Hamiltonian validation of the candidate

maneuver.

time-optimal

5 10 15 20 25 30

Time, sec

, rad/sec
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The control Hamiltonian is easy to compute, because it is merely a
function of the problem data, hence the necessary conditions for
optimality are easy to verify. For the verification of sufficiency
conditions, a computation of ¢(x, f) is near impossible, due to the
reasons discussed in Sec. III; however, as discussed in [31,32], it is
still possible to use Bellman’s principle of optimality as another
verification tool. That is, according to Bellman’s principle, given
an optimal trajectory from a point A to a point B, the trajectory to a
point B from a point C lying on the optimal trajectory is also optimal.
This semigroup property can be directly tested to verify the
optimality of a candidate optimal solution by recomputing an optimal
solution using an intermediate point on the original trajectory as
the new initial condition. For the original open-loop solution to be
optimal, the new partial maneuver solutions must lie exactly on the
original complete maneuver trajectory. Figure 9 overlays three open-
loop optimal trajectories: the original open-loop trajectory derived
for the complete maneuver; a second open-loop trajectory derived for
the system, starting from the state values of the original maneuver at
t = 10.14 s (dotted lines); and a third open-loop trajectory obtained
for the system with initial state values of the original complete
maneuver at 7= 17.96 s (circled markers). The numerically
indistinguishable overlays of the second and third plots demonstrate
that the original solution satisfies Bellman’s principle of optimality at
two arbitrarily chosen intermediate points. An arbitrary number of
randomly chosen points illustrates the same phenomenon and are
not displayed for the purpose of brevity. These plots not only
demonstrate the principle of optimality, they also lay down the
foundations for generating closed-loop optimal solutions in a manner
that avoids the computational pitfalls associated with solving the
proximal HJB equation [see Eq. (16)]. Before discussing this point,
we first analyze the physics of the time-optimal maneuver.

V. Dissecting the Time-Optimal Maneuver

From Fig. 2, it is clear that all three torques are always on for the
time-optimal maneuver. Hence, the time-optimal roll maneuver is not
an eigenaxis maneuver. This point is further illustrated in Fig. 10,
which shows the evolution of the familiar roll, pitch, and yaw angles.
This graph shows that the offeigenaxis deviations are substantial.
This point can be explained as follows. The torque capability about
any one axis is 50 Nm; however, the net torque capability of the
spacecraft, per se, is /3 x 50 = 86.6 Nm (see Fig. 11 for a (three-
dimensional) 3-D illustration of this concept). Thus, an eigenaxis
maneuver uses only 50 Nm of torque, whereas the optimal maneuver
tends to use all 86.6 Nm of torque capability. But, because the net
maximum torque is not along the eigenaxis (roll), switches are
necessary to properly aid the maneuvering. Furthermore, because the
inertia ellipsoid is not a sphere (see Fig. 11), the preferred axis of
rotation is the minor axis (yaw for our problem). Thus, what optimal
control facilitates is a balance between the competing interests of
preferred rotation about the axis of maximum torque authority, the

0.15 T T T T r

o
)

0 5 10 15 20 25 30
Time, sec

Fig. 9 Verifying Bellman’s principle of optimality.
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Fig. 10 Roll, pitch, and yaw angles for the time-optimal maneuver.

minor axis, and the eigenaxis [33]. On the basis of this explanation,
we can provide back-of-the-envelope formulas for upper and lower
bounds on the minimum-time maneuver.

For an arbitrary eigenaxis maneuver, the time-optimal maneuver is
a bang-bang maneuver with one switch in the middle (see Fig. 12).
Hence, from elementary kinematics, for a rest-to-rest maneuver, we
have

4IA0

t min
T
q

where T, is the torque and / is the moment of inertia. Thus, the lower
bound of all minimum-time maneuvers tf can be estimated by using
the smallest moment of inertia (2364 Kg - m?) and the largest of the

maximum torque capability (86.6 Nm). This implies that

41, A0
k= /T —169s
umax

Note that this minimum time is truly an estimate for the lower bound
and not realizable, because the axis of maximum control authority is
not the minor axis (see Fig. 11). By the same procedure, the upper
bound of all minimum-time maneuvers t‘/ can be estimated by using
the largest moment of inertia (5621 Kg -m?) and the smallest of the
maximum torque capability (50 Nm). This implies that

Because I, happens to be the inertia about the roll axis, Y, is, in

fact, the cost of the time-optimal fixed-eigenaxis roll maneuver.
Comparing this value to the actual time-optimal maneuver of 28.6 s,

Minor Axis Axis of Max
Control
S ) Authority
Ellipsoid
‘
-

: Major Axis
I Control
Space

Fig. 11 Illustration of the control space and inertia ellipsoid in 3-D.

—

/2

min’

tmin/2

Fig. 12 Illustration of a bang-bang eigenaxis maneuver.

it is apparent that nearly 20% of the spacecraft’s maneuvering
capability is lost by constraining maneuvers about the eigenaxis. A
visualization of the time-optimal maneuver is illustrated in Fig. 13.
The green lines are the traces of the tips of the body axes. Thus, the
roll axis traces a loop in such a manner that it starts and ends at the
same point, thereby meeting part of the boundary conditions. In an
eigenaxis maneuver, this loop coalesces to a single point, because the
roll axis does not move, and thus meets the boundary conditions in a
more straightforward manner than the time-optimal maneuver. As
evident from Fig. 13, the yaw axis in the time-optimal maneuver does
not trace out an arc of a circle, as would have been the case for an
eigenaxis maneuver; rather, it follows a longer and slightly twisted
path. In this sense, the time-optimal rigid body maneuver is similar
to Bernoulli’s famous brachistochrone problem: the shortest and
most intuitive path is not the time-optimal path. In the case of the
brachistochrone problem, the shortest path is a straight line, whereas
the time-optimal path is a cycloid. In the case of the rigid body
problem, the paths can be visualized in terms of the traces of the axes:
the shortest path is an arc of a circle, whereas the time-optimal path is
a different, longer path that does not have a closed-form expression.

Trace of the roll axis

Trace of the yaw axis

Fig. 13 Visualizing the time-optimal maneuver.
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Fig. 14 Open-loop vs closed-loop state trajectories for the system with known parameters.
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Fig. 15 Open-loop vs closed-loop control trajectories for the system
with known parameters.

VI. Illustrating the Possibility of

Exploiting Uncertainties

Thedirectapplication of Bellman’s principle, asillustrated in Fig. 9,
may be viewed as a three-sample closed-loop solution. Over each
sample, the solutionis a valid Carathéodory solution. The full solution
is a semidiscrete semianalog representation of a closed-loop solution
[12]. As the number of samples increase and (in principle) tend to
infinity, the limiting solution is a solution to the proximal HJB
equation. This solution is the limit of the sequence of Carathéodory-m
solutions, with the diameter of 7 tending to zero. Mathematical details
on the existence of the limit are discussed by Clarke et al. [13,15].
A practical implementation of this concept does not require
diam(r) — 0, but that it be sufficiently small. This sufficiency
condition is related to the Lipschitz constant of the dynamical system
[12]. Thus, the Carathéodory- solution concept allows us to generate
practical closed-loop solutions to dynamical systems without directly
solving the proximal HIB equation. This conceptis similarin principle
to computing open-loop solutions without directly solving for the
adjoint equations, as illustrated in Sec. IV. Similar to the verification

Table 1 Data for the generic rigid body adopted
from NASA’s XTE (X-Ray Timing Explorer)

spacecraft
Parameter Value Units
I, 5621 Kg-m?
I, 4547 Kg-m?
I 2364 Kg - m?

of Pontryagin’s principle for open-loop solutions, we first verify
Bellman’s principle for closed-loop solutions.

A. Closed-Loop Control for System with Known Parameters

The closed-loop response for the system with known parameters is
shown in Fig. 14. It is clear that the open-loop and closed-loop
responses are identical (within numerical tolerances), as expected.
The small differences in the plots are due to the combination of
nonzero errors in the RK propagation and the finiteness of the
diameter of 7. For practical applications, we regard these inevitable
numerical sources of errors as part of the sensor measurement errors,
uncertainty in system parameters, and possibly exogenous distur-
bance torques that are never zero in any real system [12]. In any event,
it is clear that the closed-loop response matches the optimal open-
loop solution.

The control trajectories corresponding to Fig. 14 are shown in
Fig. 15. A key desirable feature inherent in such control algorithms is
the fact that it is gain free and does not require the control designer to
select or tune any controller gains (see [12] for further details).

B. Closed-Loop Control with Parameter Uncertainties

For spacecraft attitude control, one of the primary reasons for
feedback is the uncertainty in the moments of inertia. Motivated by
this argument, we suppose that the rigid body’s real moments of
inertia /,, I,, and /5 are off from the estimate (see Table 1) by 28, 15,
and 12%, respectively. Then, the closed-loop response is as indicated
in Fig. 16. What is interesting about this solution is that the closed-
loop maneuver time is 27 s, or about 1.6 s faster than the open-
loop minimum time. At first glance, this appears to be incorrect,
particularly because the open- and closed-loop solutions match (see
Fig. 14) when the parameters are known. To appreciate the point that
it is indeed possible for the closed-loop response of a spacecraft
to be better than the open-loop optimal solution, we need to keep in
mind that the plant parameters may be unknown in such a manner
that they may actually assist in improving the performance of the
closed-loop system when optimal control theory is used to construct
the feedback control. To further illustrate this point, the open-loop
response of the spacecraft was recomputed using the true values of
Iy, I, and I5. The cost of this minimum-time open-loop solution
is 25.6 s. Thus, the closed-loop response is not faster than the true
minimum-time solution; rather, it is faster than the minimum-time
solution of the spacecraft model that is based on the estimates of
the system parameters. For the purpose of brevity, the open-loop
response of the spacecraft is not shown; however, for the purpose of
completeness, the closed-loop control trajectory is shown in Fig. 17.

The preceding analysis shows that when optimal control theory
is used to construct feedback solutions, effects of parameter
uncertainties are not necessarily negated; rather, if the parameter
uncertainties are lined up in such a manner that they may add an
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Fig. 16 Closed-loop state trajectories for parameter uncertainties that aid optimality.
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Fig. 17 Closed-loop control trajectories corresponding to Fig. 16.

improvement to the optimal open-loop solution, then the optimal
closed-loop solution will indeed exploit this feature. This is in sharp
contrast to traditional feedback control systems, which are designed
to negate the effect of parameter uncertainties, whether or not they
may aid or assist the performance of the plant. Of course, the optimal
feedback solution will naturally negate the effect or parameter
uncertainties should these parameters be lined up in a manner that
hinders the performance of the closed-loop system. This feature is
illustrated in Fig. 18, which shows the closed-loop response of the
spacecraft when the inertia values are 2% less, 7.8% more, and 8.5%
more than its estimated values (see Table 1) along the x, y, and z
directions, respectively.
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0 10 20 30 50
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60

, rad/sec
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VII. Conclusions

The problem of reorienting a rigid body in a time-optimal manner
poses fundamental challenges in both theory and computation.
Advances in optimal control theory over the last decade have shown
that the theoretical problems can be overcome by expanding the notion
of differentiability to nondifferentiable functions by way of nonsmooth
calculus. Computing optimal controls using either the necessary or the
sufficient conditions leads to near insurmountable challenges known
as the twin curses of complexity and dimensionality. In this paper, we
have shown that the time-optimal controls for a rigid body can indeed
be computed by way of PS methods. In PS methods, the necessary
conditions are not directly used for computation; rather, the necessary
conditions are used strictly as necessary conditions (i.e., applied for
verifying the optimality of a candidate optimal control by way of
Pontryagin’s principle). Another verification test is conducted by a
direct application of Bellman’s principle of optimality. The notion of a
Carathéodory-m solution completes a trifecta of principles for open-
and closed-loop controls. Application of these principles to analyzing
the time-optimal reorientation of a rigid body reveals that the optimal
torque is engaged in exploiting and balancing between the competing
interests of the axis of maximum torque authority, the minor axis, and
the eigenaxis. This behavior of the optimal control implies that in
closed-loop applications, it is quite possible for a rigid body with
uncertain parameters to exhibit performances that are apparently better
than optimal. This apparent contradiction that arises in experimenta-
tion can be explained by comparing the closed-loop solution to an
open-loop solution under the assumption of known parameters. In this
case, theclosed-loopresultis, atbest, equal in performance to the open-
loop solution, thus the apparent gains in closed-loop performance
are merely a result of the uncertainties in parameters assisting the
performance of the closed-loop solution. Thus, optimal feedback
controldoes notnecessarily negate the effect of parameter uncertainties

0.15 T T T T T

0.1F

005}

0 10 20 50 60

Time, sec

Fig. 18 Closed-loop state trajectories for parameter uncertainties that hinder optimality.
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in all situations. It turns out that optimal feedback control has inherent
intelligence in exploiting or negating the effect of uncertainties without
any a priori information on the nature of these uncertainties.

Appendix I: Carathéodory Concepts
A. Carathéodory Solution
An initial value (Cauchy) problem
x(ty) = x°

where g(x, 1) is a time-varying vector field, g: R¥ x R — RMx, is
said to have a Carathéodory solution if there exists an absolutely
continuous function, x*(-): R D [ty, 1;] = R, such that

x(0) = gl (1), 1]

x=g(x, 1);

for
a.a.t € [t, tf]
and
x*(tg) = x°

When g(x, f) is nonsmooth, the Carathéodory solution concept is
unsatisfactory from the point of view of existence and uniqueness
[34]. These problems are overcome by the notion of a Carathéodory-
7 solution.

B. Cauchy Problem and Feedback Control
The initial value problem
=gx, 0;  x(1p) =x°
is equivalent to the controlled differential equation
X=u; x(ty) = x°
with feedback control

u=g(x,1)

C. Carathéodory-r Trajectory
Let w = {t;};>( be a partition of the time interval [0, co), with
t; — oo as i — oo. The quantity

diam () := sup(t;;; — ;)
=0

is called the diameter of . Given an initial value problem,
x=g(x, 1); x(ty) = x°

a Carathéodory- trajectory, x(+), is defined as follows, From 7, to ¢,
generate a control trajectory:

u(t) = g(x°, 1; x(ty) = x%; h=t=<t (A1)
to the controlled differential equation
x=u(?); x(ty) = x° (A2)

A Carathéodory solution exists for Eq. (A2), because fi—u has
discontinuities at most in #, the independent variable. At t = t;, we
set x! = x(#,) and restart the system with u(f) = g(x', ):

x(1) = u(n);

Continuing in this manner, the Carathéodory segments are glued
together to form a Carathéodory-r trajectory. Under the concept of a
Carathéodory-rm trajectory, it is possible to rigorously prove a rich
number of theorems [13,15] that have practical consequences. These
theorems directly connect the epsilons and deltas of abstract
mathematics to practical digital computer implementations of
optimal control [12,13,28].

x(t) = x HL<t<t

Appendix II: Singular Arcs
A. Degree of a Singular Arc
Let

= f(x, u); ue€lUC RN

be a controlled nonlinear differential system, where f(x, u) is a
controlled vector field, f: RM x RV« — RN+ Let (¢,, t,) be an open
nonzero interval. A control u; e R, i=1, ..., N,, is said to be
of degree m; on [t;, t,] if m; is the smallest integer, such that for
t € (1, ty), the adjoint covector A(7) satisfies:

d*
dka

for k =0, , 00, and

a9 dm

9w, A" 9 H[k(t) x(1), u(n] # 0

If m; < oo, then m; is even (see [35]).
Applying these definitions for the rigid body problem, we have

d 0H
dtau L

J

j=123

This implies the following set of conditions (corresponding to k = 1)
for the optimality of a singular arc:

d 0H 1

T (=x
dr 81/{1 2[1 ( a qa

I -1, —1
(7 o 2 (o =0

- )\qzq3 + )"ngZ + )‘q4ql)

doH 1 L-bh
atou, = 2—12()% 43 = Ay da = hg, 1+ Ag q2) + o, ( 11, )w3
I, —1
N e [
\ L
d 0H 1
&37143 - 2713(_)‘%‘12 + Ag,q1 = Agqa + Ag,q3)

I, —1 I, —1
* k“”( ' 2)‘”2 * k‘”( [ 3)‘”‘ =0

Differentiating these equations again, we get

d? 3_H _ _)sz(lz —1))u; _ )\w3 (L —Du,  qq4
42 ou, L L1 L LI 41,

—Ag, @y + Ay @) — ﬁ (—w1g) — 2G> — w3q3)

)u
41 3 (— hg @3 + Ay 0 + hy 0,) — h (—wi g, + @1q,
1 1

A
+ w3q4) + ()\ — Ay, + Ay 03) + ﬁ(wl% + wrq,
1

A
— w3q1) + ( Mg @ = hg, @y — Ay 3) + 74}14 (0194 — w295
1

( s— o
+ w3qy) ——— 2 7 11 2 E()\q,% — A, qs — Ay @1 + Ay, q2)
1

_ )"w] (I, — I3)w; _ )“w3(11 —L)w,
I I

Aoy (I = 1)UL = L)oo, (I = L)w, [1
— ; 3 1, .
LTEYE 11 2( ad2 T Ag,q1
Ao (I — 1 Ay (s — 1
_)\4344 + )L%q}) _ w.( 21 3), _ wz( 31 l)wl]
! 2
Ao (I = L) — 1) w3

L
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d? 3_H _ _)‘w| (I, = I3)u; _)\w3(11 —)u,
dr? du, LLI 5151,

q3
4—12()"61260’%
)\'LII
= Ay + Ag01) + H(—wﬂz + @91 + @3q4)
2
( Ay @3 + dg 0 + Ay 0,) — L (—w,q) — w2,
4172 a1,

q g
— w3q3) — #(Aqle —dg, @1 + A, 05) — 4_113(0)IQ4 — 0,43
2 2

Ay
( hg @1 = hg, 0 — 4, a);)—i—

+ w3q,) + (wﬂh + wrqy
(1 —1;)a)» 1
—wsq.)—% 5(—/\41614—)\1;2‘]3+)¥q3112+)¥q4611)
_)sz(ls —1)w; _)‘w3(ll —bL)w,
I L
Awl(lz—lx)(ll—lz)a)lwz (I — Lo, [1
- = - —(—A A
I L1, o, |29 Tred
A, (I, —L)w, A, (I;—1)w
PO el P 1
I I
_kwg(ll — L)1, — I)w,w5

1,11,

d> 0H _ _)th(13 — 1)y, B Ay, (I — 13) Uy
a2 dusy I L1 L L1

q>
- E(quw

A
_)‘q3w2+)“q4wl)_411; (013 + wrq4 — w3q1)+ ( Ay @3
+ A, 0 + A a))—}—@(a} —wyq3 +w )—ﬂ()\ 1)
7 @1 9. @2 4l 194 243 392 ar, o 2

A
— Ay 01 + Ayw3) — 4—2(—0)1611 — Wyqr — W3q3)

A,
41 B (- Ay @) = dgyr — Ay 03) + 4—114(—6011]2 + w1q,
3 3

(L —L)w, [1
+ w3q4) — % 5(—)\41,4]4 = A G3 F Ay g2 + Ay, q1)
113
_sz(b — 1))y _)"w3(11 —L)w,
I I
)\0)1(12—13)(13—11)(1)10)3 (I —1)o, [1
- Ll T nn |2t T heds
1213 213
Ay (I — )ws A, (I} — L)w
s+ Ay ga) — ,(21 3) 3 3(11 2) 1]
1 3
_)\wz(13—11)(12—13)a)20)3
5LiL1;
It is now clear that
9 d? .
. dt28 HIA(D), x(1), u()] =0; i=1,2,3

Thus, the degree of any singular control for the rigid body problem is
at least four. Note that this conclusion remains valid for any endpoint
cost function, for any set of boundary conditions, and for any set of
inertias.

B. Krener’s Theorem

Suppose u(t) € interior U and each u; is singular of degree m; over
(t;, t,). If u(¢) is minimal, then

9 dt
TR 2 H0), ), u(] =0

fork=0, ..., (m+m—2)/2,1<i,j<N,.

C. Application of Krener’s Theorem

Because the degree of any singular control for the rigid body
problem is at least four, it is clear that we can apply Krener’s theorem
for at least k=0, 1, 2, 3, corresponding to the case when all
three controls are singular. Applying this result for k = 2, we get the
following conditions:

A'L1)2(13_Il)=0 (Bl)
)th (11 - 12) =0 (B2)
)"a)l (12 - 13) =0 (B3)

These conditions yield no new information for the triaxisymmetric
case I} = I, = I, considered first by Bilimoria and Wie [1]. When
the body is asymmetric (i.e., I, # I, # I3), then we get

Ao, =0; j=12,3
Thus, additional analysis is necessary to fully examine the optimality
of possible singular arcs.
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